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A triangulated 3-sphere is said to be polyhedral provided it is isomorphic to the 
boundary of some convex 4-dimensional polytope. We show that a certain complex 
of six triangles when embedded in a 3-sphere in a certain way will prevent 
polyhedrality of the sphere. We also show that spheres with this subcomplex are 
not invertible, and that this complex together with an additional triangle prevents 
the existence of a dual diagram. 0 1988 Academic Press, Inc. 
1. INTRODUCTION 
A theorem of Steinitz [S] implies that every triangulation of the 2-sphere 
is isomorphic to the boundary complex of a 3-dimensional convex 
polytope. In higher dimensions the analogous statements are not true. 
There are many triangulated 3-spheres that are not isomorphic to the 
boundary complexes of any 4-dimensional convex polytope. The smallest 
examples are the two nonpolyhedral 3-spheres with eight vertices [3, 41. 
We shall say that a triangulated d-sphere is polyhedral provided it is 
isomorphic to the boundary complex of some (d + 1)-dimensional convex 
polytope. 
In this paper we show that a certain complex consisting of six triangles, 
when embedded in a 3-sphere in a certain way, prevents the 3-sphere from 
being polyhedral. We also show that its presence in a diagram, prevents the 
diagram from being invertible and its presence together with an additional 
triangle prevents the existence of a dual diagram. 
2. SPHERES AND DIAGRAMS 
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(i) the union of the elements of C is a d-polytope P; 
(ii) any face of an element of C u {P> is an element of C u {P}; 
(iii) the intersection of any two elements of C is a face of both 
elements; and 
(iv) the intersection of an element F of C with the boundary of P is a 
face of F and P. 
The elements of Cu {P} will be called the faces of D. The faces of 
dimension d will be called the facets of D. If all faces of D are simplices we 
say that D is sirnplicial. If every vertex is (d+ 1)“valent we say that the 
diagram is simple. There is an obvious isomorphism between the diagram 
D and a d-sphere D’. Two diagrams D1 and D2 are dual if the 
corresponding spheres D’, and 0; are dual. The diagrams are isomorphic if 
the corresponding spheres are isomorphic and a d-diagram is polyhedral 
provided the corresponding sphere is polyhedral. 
If there is an isomorphism between a d-sphere S and a d-diagram such 
that a facet F of S corresponds to P we say that S can be realized as a 
diagram with F as the outer face. If a diagram D is isomorphic to a sphere 
that can be realized with each of its facets as the outer facet we say that D 
is invertible. The two nonpolyhedral triangulated 3-spheres with eight 
vertices are realized by noninvertible diagrams. Since polyhedral diagrams 
are invertible (the boundary complex of the polytope can be projected into 
any of its facets) this is one test for polyhedrality of d-spheres. 
Since every d-polytope admits a dual d-polytope and since the boundary 
of this dual polytope can be projected into any of its facets, we see that 
every polyhedral d-diagram admits a dual d-diagram. The two non- 
polyhedral 3-spheres with eight vertices do not admit dual diagrams. 
3. THE COMPLEX C 
Figure 1 shows a triangulated Mobius strip C consisting of six triangles. 
The complex C can be embedded in a 3-sphere (or equivalently in E3) in 
several different ways. Figures 1 and 2 show two different embeddings. 
From now on, when we say that a 3-sphere contains C we mean that it 
contains C embedded as in Fig. 1. 
We shall now describe one particular embedding of C. Let the circuit 135 
(consisting of the three edges 13, 35, and 51) be given an orientation: 
1 + 3, 3 -+ 5, and 5 -+ 1. This orientation together with an arbitrarily 
chosen upward direction determines an orientation in the 3-sphere in which 
C is embedded (as shown in Fig. 3, it would be an orientation by a left- 
hand rule). This orientation induces an orientation of the triangles meeting 
each of the edges 13, 35, and 51 (in Fig. 3 the orientation is by the left-hand 
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rule: if the left thumb points in the positive direction of the edge, the lingers 
give the direction of the orientation of the set of triangles meeting the 
edge). 
When we say that a 3-sphere contains C we shall mean that C is embed- 
ded such that with the above orientation of the circuit 135 the triangles 
meting the three edges are ordered as follows: Either 
135, 125, 156 about 15 
135,356,345 about 35 
and 
135, 134, 123 about 13 
or the reverse orientations, 
135, 156, 125 about 15 
135,345,356 about 35 
and 
135, 123, 134 about 13. 
Since an isomorphism of the 3-sphere will either preserve or reverse 
orientation, a 3-sphere isomorphic to a 3-sphere containing C embedded in 
this way will also contain C embedded in this way. 
THEOREM 1. If D is a 3-diagram containing C then D is not invertible. 
We show noninvertibility by showing that D cannot be realized with the 
edge 13 on the boundary of the diagram. 
If we have an isomorphic diagram D’ with 13 on the boundary then the 
diagram lies within one of the dihedral angles between the planes 132 and 
134. Let us assume that the plane 132 is the q-plane in E3 and that vertex 
4 lies above plane 132. 
For any two triangles T, and T, containing 13 if the ordering of the 
triangles about 13 is 132, T,, T,, 134 then we shall say that the plane of T, 
is above the plane of T, and that the plane of T, is beneath the plane of T,. 
Case I. Plane 135 is above plane 136 (Fig. 4). In this case the order of 
the triangles meeting 53, taken with the orientation compatible with that 
chosen for 13, is 534, 536. 531. This, however, is not the proper order for 
an embedding of C, thus we have a contradiction. 
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Case II. Plane 136 is above plane 135 (Fig. 5). Now the order of the 
triangles about 15 will not be correct because in D’ the order becomes 153, 
156, 152. 
Case III. Triangles 135 and 136 are coplanar. Note that in a simplicial 
diagram we may move any vertex a small distance without disturbing 
realizability. By a small movement of vertex 5 we reduce Case III to Case I 
or II. 
THEOREM 2. Zf C is embedded in a 3-sphere S and if 135 is a face of S 
then there is no simple 3-diagram dual to S. 
ProoJ Let D be such a dual diagram. Corresponding to the edges 13, 
15, and 35 of S will be three 2-faces I;,, Fz;, and F3, respectively. These 
FIGURE 5 
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three faces will meet on an edge whose affine hull is a line 1. For each of the 
triangles of C there are corresponding edges of F, , FZ, and F3 : 
132t,edgee, ofF, 
134 t-t edge e2 of F, 
152 t+ edge e3 of Fz 
156 c-) edge e4 of F2 
354ttedgee,ofF, 
356++edgee,ofF,. 
Each of the following pairs of edges of D must lie on common 2-faces of 
D: (el, e,), (e2, e,), and (e,, e6). For each edge e, we let its affrne hull be 
the line 1; and we let Ii n I= xi. Because the edges ei lie pairwise on com- 
mon 2-faces, we have x, = x3, x2 = x5, and xq = x6. We shall always use the 
lower subscript when denoting xi. The lines Ii, together with I, will deter- 
mine three triangles: 
T, determined by I,, I,, and 1 
TZ determined by I,, I,, and 1 
T3 determined by I,, I,, and 1. 
(A projective transformation may be necessary to ensure that there really 
are triangles, i.e., that no two sidelines are parallel.) The orderings we 
chose for the triangles in C induce the following orderings for the sidelines 
of T1, T,, and T, (See Fig. 6): 
T,: I, I,, and I, 
T2: 1, I,, and I, 
T,: I, I,, and I,. 
Let us orient the line i so that the point .x2 is below x1. The orientation 
on T2 puts .x4 above X, (note that these orderings on the triangles must 
follow either a left-hand or right-hand rule with respect to an orientation of 
triangle 153, which has 1 intersecting its relative interior) but the orien- 
tation on T, requires it to be below x2, a contradiction, thus no such 
diagram D exists. 
COROLLARY. The 2-skeleton of the dual of S cannot be realized in any 
Euclidean space with all 2-faces being convex polygons. 
The proof is identical to the proof of Theorem 2. 
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FIGURE 6 
3. NONPOLYHEDRAL SPHERES 
It is easy to check that the two nonpolyhedral simplicial 3-spheres with 
eight vertices both contain C. The author has checked several others with 9 
vertices and they also contained C. There exists 154 simplicial 3-spheres 
with 9 vertices that are not polyhedral [l, 21. It would be interesting to 
determine if they all contain C. It is unfortunately very difIicult to check 
even one example by hand using its combinatorial description. It is difficult 
to find if there is a subcomplex isomorphic to C, but to check its 
embedding as well apears to be exremely time consuming. 
The author does not know of a nonpolyhedral simplicial 3-sphere that 
does not contain C. The author conjectures that if C is embedded in a 
sphere S then S has no dual diagram. 
REFERENCES 
1. A. ALTSHULER, J. BOKOWSKI, AND L. STEINBERG, The classification of simplicial 3-spheres 
with nine vertices into polytopes and nonpolytopes, Discrete Math. 31 (1980) 115-124. 
2. A. ALTSHULER AND L. STEINBERG, An enumeration of combinatorial 3-manifolds with nine 
vertices, Discrete Math. 16 (1976) 91-108. 
3. D. BARNETTEI, Diagrams and Schlegel diagram, in “Combinatorial Structures and Their 
Applications,” Gordon & Breach, New York, 1969. 
4. B. GR~~NBAUM AND V. P. SREEDHARAN, An Enumaration of simplicial 4-polytopes with 8 
vertices, J. C’ombin. Theory 2 (1967) 437465. 
5. E. STEINITZ AND H. RADEMACHER, “Vorlesungen iiber die Theorie der Polyeder,” Berlin, 
1934. 
